In the first part of the talk, I discussed results on the determination of the ratios of the light quark masses from large Nc chiral perturbation theory, to be described elsewhere. 1 The following notes contain material from the second part of the talk, which concerns the implications of large Nc for resonance dominance estimates of the low energy coupling constants in chiral perturbation theory.
Introduction
In the large N c limit, N c → ∞, at fixed scale Λ QCD , the spectrum of QCD is known to consist of an infinite number of stable states. 2, 3, 4 The degrees of freedom in the corresponding low energy effective theory are the states with masses vanishing in the chiral limit (m u = m d = m s = 0) of large N c QCD, viz. π, K, η and η ′ . 5 The presence of the remaining massive states shows up only indirectly, trough their contributions to the low energy expansion of QCD correlation functions. In chiral perturbation theory, these are accounted for in the form of low energy constants that arise at nonleading order in the low energy Lagrangian.
In this note we discuss consequences for the low energy constants in the framework of an explicit realization of this scenario where, however, only the lowest lying resonance states are retained. In Sec. 2, we briefly review the framework of the low energy expansion at large N c . Secs. 3 and 4 deal with the accommodation of explicit resonance degrees of freedom in that setting. Sec. 5 reviews the role of constraints from QCD asymptotic behaviour in the determination of the parameters occurring in the chiral resonance Lagrangian. In Sec. 6, we discuss the implications of our analysis for the standard framework of chiral perturbation theory where N c is not treated as large. The corresponding numerical analysis may be found in Sec. 7. Finally, Sec. 8 contains a discussion of the results and our conclusions.
Low Energy Expansion at Large N c
If the number of colours is treated as large, the low energy effective Lagrangian for QCD involves 9 degrees of freedom. The field variables are collected in a unitary matrix U (x) ∈ U(3) and the extra field shows up as the phase of the determinant of U (x), det U (x) = e iψ(x) .
The bookkeeping can be simplified by introducing a counting parameter δ, where powers of the momenta, quark masses and 1/N c are weighted according to
The expansion of the effective Lagrangian starts with a term of order δ 0 ,
In addition, the terms in the Lagrangian are subject to the constraints
According to these rules, the leading order term in the effective Lagrangian involves terms of order N c p 2 and N c 0 p 0 , while the term of order δ collects the N c p 4 , N c 0 p 2 and 1/N c p 0 contributions, etc. For a detailed account of these matters, we refer the reader to Ref. 7 .
The leading order Lagrangian in this expansion takes the form, 5,6,7
where θ is the field conjugate to the winding number density, which on account of the U(1) A -anomaly transforms in such a manner that the combination ψ +θ remains invariant under chiral transformations. The external vector (v µ ), axial vector (a µ ), scalar (s) and pseudoscalar (p) fields enter in the expression for the covariant derivative D µ U and χ,
For a suitable choice of the effective variables, i.e. in particular the matrix U and ψ + θ, the individual terms in the effective Lagrangian in Eq. (3) obey what we shall call 'canonical large N c counting rules': These state that terms with a single trace are of order N c , while the occurrence of each additional trace reduces the order of the term by unity. These rules also apply to terms involving powers of the chiral invariant combination ψ + θ if these are counted like extra traces. 7 The effective Lagrangian in eq. (5) exclusively involves fields which are of O(1) in the large N c limit. In this case, the rules immediately apply to the coefficients of the terms and we deduce the following large N c behaviour for the three coupling constants in the Lagrangian in Eq. (5),
F 0 is pion decay constant in the limit of zero u, d and s quark masses, B 0 is related to the quark condensate in the same limit, B 0 = − 0|ūu|0 0 /F 2 0 . In the limit N c → ∞, τ 0 coincides with the topological susceptibility of the corresponding quarkless theory (Gluodynamics) and equips the η ′ with a mass of order 1/ √ N c ,
At order δ the effective Lagrangian involves 11 additional low energy constants and takes the form,
The invariant derivatives D µ ψ, D µ θ and the field strength tensors R µν and L µν are defined by
where r µ = v µ + a µ and l µ = v µ − a µ . The somewhat queer naming scheme for the coupling constants is chosen so as to facilitate the comparison with the standard framework, see Sec. 6.
In accordance with the canonical large N c counting rules, the terms in the first line of Eq. (9) are of order N c 0 p 2 and the remaining terms are O(N c p 4 ), viz.
In the following we are going to show how to obtain estimates for those coupling constants on the basis of a chiral Lagrangian with resonance fields.
Matter Fields
The chiral transformation law for the effective field U (x) is at the heart of the construction of the effective Lagrangians in Eqs. (5) and (9),
with
. For the matter fields we need to find a corresponding transformation law, such that under transformations of the unbroken symmetry group V R (x) = V L (x) = V (x) it reduces to the proper transformation law, 8 e.g.
for a 3 × 3 matrix R collecting a nonet of resonance fields. To this end, introduce a unitary matrix u(x) ∈ U(3), such that
In order to promote Eq. (14) to a covariant relation, we deduce the following transformation law for the field u(x),
with a unitary matrix T (x) ∈ U(3). Note that for a general chiral transformation, the matrix T (x) depends not only on the transformation matrices V R (x) and V L (x) but also on the effective field
In the special case of a vector transformation
does therefore represent one of possible extensions of the vector transformation law in Eq. (13) to general chiral transformations. It furthermore has a However, the matrix T (x) hardly notices that we are considering unitary matrices: In fact, T is independent of det U and det
the advantage of being right-left symmetric and preserving the hermiticity of the matter field R(x).
In this representation, the external fields r µ , l µ and χ appear in the following building blocks,
as well as in the covariant derivative associated with the transformation law in Eq. (16),
Expressed in terms of the lower case effective fields, the leading order Lagrangian in Eq. (5) reads
We are now in a position to proceed with the construction of the chiral Lagrangians for the resonance fields.
Resonance Lagrangians
The chiral Lagrangians for vector (V), axial vector (A), scalar (S) and pseudoscalar (P) resonance fields take the form,
where, for convenience, the vector and axial vector resonances are described in terms of antisymmetric tensor fields, R νµ = −R µν . 10,9,11 At order δ, chiral symmetry permits the following set of independent contributions to the currents J R ,
Compared to the standard framework studied in Ref. 9, our resonance Lagrangian involves one genuinely new contribution, in the pseudoscalar current J P . We have denoted the corresponding coupling constant by d 0 , while otherwise we have borrowed the notation of Ref. 9 .
In the normalization convention of Eqs. (20) and (21), the resonance fields must be booked as order √ N c . The kinetic terms are then of order N c , in accordance with the canonical large N c counting rules stated in Sec. 2. The coupling constants in the resonance Lagrangian exhibit the following large N c behaviour
so that the terms involving the currents J R are of order N c as well, with the exception of the piece proportional to d 0 which is of order 1 so as to account for the occurrence of the factor ψ+θ. Finally, the resonance masses
When those masses are treated as large, the resonances may be integrated out, with the result
By use of the relations in Eq. (17) the result may be cast in the form
where L R δ stands for an expression of the general form of the Lagrangian L δ in Eq. 9 with specific values of the coupling constants, namely
while the resonance contributions to the coupling constants L i , H 1 and H 2 are all of order N c and listed in Table 1 . Finally, the contribution proportional to (ψ + θ) 2 may be absorbed in an oder 1/N c shift τ 0 → τ P 0 according to
Note that this correction has the right sign to explain why determinations of τ 0 in the framework of lattice gauge theory 12,13 would lead to values higher b The discussion simplifies somewhat for rescaled resonance fields R ′ = R/F 0 = O(1). Table 1 . Resonance contributions to the low energy coupling constants L i and H i arising at next to leading order in the framework of large Nc chiral perturbation theory, cf. Eq. (9) .
than those obtained from phenomenological determinations of the corresponding coupling constant τ P 0 entering in the chiral Lagrangian. It is remarkable that the model fails to generate contributions to the coupling constants Λ 1 and H 0 . With the phenomenological value Λ 2 − 1 2 Λ 1 ≃ 0.16, 14, 15 we conclude that the product of the two coupling constants d 0 and d m is negative, d 0 d m < 0. In the following, we are going to adopt the convention d m > 0.
Constraints from QCD Asymptotic Behaviour
A way to obtain values for the parameters entering the chiral resonance Lagrangian is to relate them to the observed properties of the lowest lying resonances in the spectrum of QCD. Instead, we prefer to fix a maximal number of those coupling constants by considering the constraints that follow by imposing the proper asymptotic behaviour for massless QCD. 9, 11, [16] [17] [18] [19] [20] [21] [22] For the vector and axial vector resonances two such constraints may be inferred by considering the Weinberg sum rules,
demanding the asymptotic fall-off of the pion vector form factor,
and the axial form factor G A (t),
The four preceding equations allow us to express the three coupling constants F V , G V , F A in terms of F 0 and the axial vector meson mass in terms of M V ,
where we adopted the conventions F V , F A > 0. Inspection of the results in Table 1 shows that this entails the prediction of the coupling constants L 2 , L 9 , L 10 and H 1 in terms of the ratio
In the scalar and pseudoscalar sector, there exists a constraint analogous to the one following from the first Weinberg sum rule in Eq. (28),
as well as one condition from the asymptotic fall-off of the scalar form factor of the pion,
For a discussion of the spin 0 counterparts of the relations in (29) and (31) we refer the reader to Refs. 19, 21. We point out that due to the absence of an equation analogous to Eq. (29), one is free to consider the case where the pseudoscalar contribution is absent, viz. d m = d 0 = 0. In this case, the above equations imply
(c m > 0) and lead to the prediction of
The prediction for L 5 remains put, also if contributions from the pseudoscalar resonances are allowed -this coupling constant depends only on the product c m c d which is fixed by Eq. (35). However, in this case the predictions for 3L 2 + L 3 , L 8 and H 2 are modified according to as long as M P ≥ M S , i.e. the contributions from the pseudoscalars tend to increase the value of L 8 . Before turning to the discussion of the numerical implications of the above, let us translate the results obtained so far to the standard framework of chiral perturbation theory, where more independent information on the values of the low energy coupling constants is available.
Implications for the Standard Framework
If the number of colours is not treated as large, the η ′ does no longer play a particular role but is just another of the states which remain massive in the chiral limit. In this case, the framework set up in Ref. 6 provides the adequate description. There, the low energy expansion proceeds in powers of the momenta and light quark masses alone,
In the following, we are going to exploit the fact that this framework effectively emerges from the theory discussed previously: We only need to consider it in the particular corner of its domain of validity where the mass of the η ′ is large in comparison to the momenta and the light quark masses, while still being small in comparison to the intrinsic scale of QCD.
To perform the matching procedure it is convenient to explicitly display the dependence on the single field ψ by introducing an effective fieldŪ (x) ∈ U(3) according to
Because the combination ψ + θ represents a chiral invariant, the fieldŪ transforms in the same manner as U in Eq. (12) . By its definition and Eq.
(1), it is further subject to the constraint
and does therefore describe the desired 8 degrees of freedom. To further simplify the discussion, we now switch off the singlet parts of the external fields and set
When treating the η ′ mass M 0 (8) as large in comparison to the momenta and quark masses, the solution of the equation of motion for the singlet field ψ implies the relations
and it is a simple matter to convince oneself that the Lagrangian in Eq. (5) reduces to the standard form 
has been eliminated by virtue of the algebraic identity
valid for Ū † D µŪ = 0 (recall that we switched off the singlet external fields). Finally, the resonance contribution to the coupling constantL 7 is given by 14,24,7L
More information on the relation of the coupling constants in the two versions the theory may be found in Ref. 7 . In particular the contributions generated by chiral loops as well as the contributions arising from nonvanishing singlet external fields may be found there.
Numerical Results
For the numerical evaluation we employ the values (in MeV units),
with intentional similarities to F π , M ρ , M a0 and M π ′ , respectively. 
6.9 ± 0. 14,15 This coupling constant generates a shift of formal order N c in the coupling constantL 7 , viz.
where in the above expression we have eliminated τ P 0 in favour of the mass of the η ′ in the chiral limit,
and the numbers given in Table 2 correspond to our favoured central value
26
of M 0 = 900 MeV.
Discussion and Conclusions
In Table 2 follow if the individual errors listed in Ref. 28 are added in quadrature). In the present framework, the predictions
are a simple algebraic consequence of the absence of multiple trace terms in the resonance Lagrangian in Eqs. (20) and (21) . The coupling constantsL 1 ,L 2 ,L 9 ,L 10 gain contributions exclusively from the vector and axial vector resonances (in view of the considerations in Sec. 5, those should indeed be viewed as one entity). The predictions exhibit an impressive agreement with the values from Ref. 6 and to a lesser extent also with those from Ref. 27. d We should clarify at this point that the difference between the results of Ref. 9 and the present investigation is easily traced back to a difference in the numerical value of F V adopted in that reference, the value that follows from the observed ρ 0 → e + e − rate. 25 Accordingly, the authors of Ref. 9 do not make use of the relation (31) , which in fact is known to be subject to corrections. 22 Otherwise, our results coincide with those of Ref. 9 , and, for that matter, also with Refs. 11, 21 -the antisymmetric tensor fields V µν and A µν simply do not notice the presence of the additional singlet pseudoscalar field.
The prediction forL 5 represents a scalar counterpart to the one for L 9 , but is clearly seen to work less well, in particular when compared to the lattice value. 28 An obvious difference is seen in the magnitude of the two coupling constants as well: In the present picture, this fact finds an explanation in the difference of the vector and scalar meson masses. The authors of Ref. 30 present theoretical arguments in favour of a scalar mass of the order of 1.5 GeV, which would help to resolve the discrepancies for L 5 . In any case, it should be noted that the coupling constantL 5 is known to possess a strong scale dependence 6 and thus varies significantly over the range µ = 500, . . . , 1000 MeV. With the central value of Ref. 6, the particular value 2.2 · 10 −3 is reached for µ ≃ M η . In the absence of contributions from the nonet of pseudoscalar resonances (d m = 0), our formulas implyL 8 = 1 4L 5 leading to a rather low value forL 8 which, however, is in good agreement with the value from the lattice. 28 In view of the discrepancy withL 5 , the combination 2L 8 −L 5 turns out significantly negative, however, to be compared with 2L 
which is of course possible, at the cost of the validity of the relations in Eqs. (34) and (35), cf. also Eq. (51). Though of formal order N c 2 , the prediction for the coupling constantL 7
is known not to be extraordinarily large -neither is the η ′ extraordinarily light. The contributions from the additional pseudoscalar nonet lead to an additional small negative shift inL 7 . Note that the model should better predict a rather decent value for this constant, because inL 7 and, for that matter, alsoL 3 , there is no scale dependence to be blamed for the discrepancy. In the case ofL 3 , which is dominated by the vector and axial vector contributions, the phenomenological values 6, 27 are not conclusive about the need for extra pseudoscalar contributions.
In summary, the resonance dominance estimates for the coupling constantsL i have been demonstrated to lead to a rather coherent picture, also when the implications from large N c are taken seriously from the beginning to the end. The model involves a remarkably low number of adjustable parameters, and phenomenology appears to be in favour of the inclusion of the contributions from the pseudoscalar π ′ nonet.
